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Abstract Many biological wastewater treatment processes are based on bacterial
biofilms, i.e. layered aggregates of microbial populations deposited on surfaces. De-
tachment and (re-)attachment leads to an exchange of biomass between the biofilm
and the surrounding aqueous phase. Traditionally, mathematical models of biofilm
processes do not take the contribution of the suspended, non-attached bacteria into
account, implicitly assuming that these are negligible due to the relatively small
amount of suspended biomass compared to biofilm biomass. In this paper, we present
a model for a nitrifying biofilm reactor that explicitly includes both types of biomass.
The model is derived by coupling a reactor mass balance for suspended populations
and substrates with a full one-dimensional Wanner–Gujer type biofilm model. The
complexity of this model, both with respect to mathematical structure and number
of parameters, prevents a rigorous analysis of its dynamics, wherefore we study the
model numerically.
Our investigations show that suspended biomass needs to be considered explicitly
in the model if the interests of the study are the details of the nitrification process
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and its intermediate steps and compounds. However, suspended biomass may be ne-
glected if the primary interests are the overall reactor performance criteria, such as
removal rates. Furthermore, it can be expected that changes in the biofilm area, attach-
ment, detachment, and dilution rates are more likely to affect the variables primarily
associated with the second step of nitrification, while the variables associated with
the first step tend to be more robust.
Keywords Biofilm · Mathematical model · Nitrification · Suspended biomass
1 Introduction
The study of microbial population and resource dynamics has a long history in Math-
ematical Biology. Traditionally, these models focus on suspended bacterial popula-
tions in well mixed reactors such as the chemostat. The basic mathematical theory
for this type of models is relatively well established (Smith and Waltman 1995),
but the field remains an active research area and the model framework continues
to be extended to biologically, physiologically, and mathematically more complex
systems, e.g. Fgaier and Eberl (2011), Mazenc and Malisoff (2012), Northcott et al.
(2012), Peña Miller et al. (2012), Smith and Thieme (2012) as selected current ex-
amples. While the well stirred, completely mixed chemostat is an established reactor
for laboratory experiments in microbiology and microbial engineering (Desharnais
and Yiqi 2005; Villadsen et al. 2011), it is widely recognized that in many natural
or engineered systems bacteria also, and often preferably, colonize surfaces and typ-
ically contain both suspended and sessile microbes. This is used in particular in en-
vironmental engineering for the design of biological wastewater treatment processes
(Rittmann and McCarty 2001).
An early example of a mathematical model for a reactor with suspended and wall-
attached bacteria is Freter et al. (1983), which was later adapted for a microbially
relatively simple system in a completely mixed reactor and analyzed in several pa-
pers, including Stemmons and Smith (2000), Ballyk et al. (2001), and Jones et al.
(2003). In this model, it is assumed that the available surface area limits wall attach-
ment and that the microbial layer on the wall is essentially a thin layer in which the
bacteria experience the same growth conditions as the suspended bacteria in the liquid
phase. In many real world systems, however, wall attached bacteria form relatively
thick layers, up to several hundreds of microns or more, in which, due to consumption
and diffusion growth promoting substrates such as nutrients or oxygen undergo con-
centration gradients, with the consequence that the bacteria in the inner layers of the
film experience different growth conditions than the bacteria in the outer layers or in
the suspended liquid phase. Consequently, this leads to spatially non-homogeneous
species distribution. These microbial layers are commonly referred to as bacterial
biofilms.
A mathematical modeling framework for biofilm processes was introduced in the
1980s in the engineering literature in the seminal paper Wanner and Gujer (1986).
This model has been used since in numerous simulation studies of microbially com-
plex multi-species, multi-substrate systems; see Chaudhry and Beg (1999) for an
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early overview, as well as Wanner et al. (2006). In this modeling framework, a biofilm
is considered a homogeneous, one-dimensional layer on a surface, which grows due
to the conversion of substrates into new biomass. The model constitutes a mixed
hyperbolic-parabolic free boundary value problem for the microbial populations and
the growth controlling substrates. Mathematically, this leads to rather involved mod-
els that are not easily accessible to mathematical analysis. A recent attempt to com-
bine the Wanner–Gujer biofilm model with the Freter model of wall-attachment for
the much simpler case of a single species, single substrate biofilm was made in Mašic´
and Eberl (2012). In this special case, the system can be formally reduced to a system
of ordinary differential equations that could be studied qualitatively, at least partially,
with elementary techniques. While this model is algebraically more involved than the
Freter model, it was found that the qualitative behavior of both models is compara-
ble. In the current study, we want to extend this to the microbially more complex
multi-species, multi-substrate system that arises in wastewater treatment.
Bacterial communities are used in wastewater treatment for removal of harmful
or undesired compounds, such as ammonium. In a well-mixed reactor with contin-
uous in and outflow, the bacteria can grow as sludge in the water or as biofilms on
suspended carriers. The carriers provide protected surfaces on which biofilms can
grow and remain in the reactor without being exposed to the risk of washout. Ni-
trification, an aerobic process, takes place in waters containing no organic matter,
where autotrophic bacteria convert ammonium to nitrate in two steps (Gray 2004;
Rittmann and McCarty 2001): ammonium oxidizing bacteria (AOB) convert ammo-
nium (NH+4 ) to nitrite (NO−2 ) and nitrite oxidizing bacteria (NOB) convert nitrite
to nitrate (NO−3 ). For an influent with given characteristics, the performance of a
continuous-flow stirred tank reactor (CSTR) that is augmented with suspended car-
riers for biofilm growth depends largely on operating conditions such as the dilution
rate and the surface area available for biofilm formation. While this type of reactor
is designed as a biofilm reactor (Moving Bed Biofilm Reactor, MBBR), and under
the assumption that the conversion processes take place in the biofilm, suspended
biomass cannot be avoided. Biofilm detachment and (re-)attachment of suspended
biomass to the biofilm lead to a steady exchange between both modes of growth. Tra-
ditional mathematical models of this process include the biofilm only but neglect the
presence and potential contribution of the suspended biomass (e.g. Mašic´ et al. 2010;
Morgenroth et al. 2000). Our aim in this paper is to incorporate the suspended
biomass by combining a CSTR model of nitrification with a biofilm model of nitrifi-
cation. In contrast to the biofilm technology that we are considering, newer treatment
processes, such as the Integrated Fixed-Film Activated Sludge (IFAS) process (John-
son et al. 2004), are designed with the interplay of sessile and suspended populations
in mind. These naturally require models that combine the effects of both biofilm and
suspended biomass. In our case, the suspended biomass is not a design feature of the
reactor, but it is merely considered a “side effect” of the biofilm. Investigating the
importance of this side effect is the focus of the present study.
Mathematical models for hybrid complex, multi-species/multi-substrate systems
comprising biofilms and suspended biomass have been proposed in the literature be-
fore, including for the nitrification process; see Boltz et al. (2011, 2009a, 2009b,
2009c), Di Trapani et al. (2010a, 2010b), Fouad and Bhargava (2005), Kim et al.
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(2009), Mannina et al. (2011), Sen and Randall (2008a, 2008b), and Thalla et al.
(2009, 2010). These earlier studies invoke one or more additional greatly simplifying
assumptions to reduce the computational complexity of the overall model. Primarily,
these assumptions are based on neglecting the heterogeneous distribution of biomass
across the biofilm, and/or they use approximating empirical or heuristical relation-
ships for the substrate flux between biofilm and liquid phase, instead of solving the
underlying diffusion-reaction system that governs substrate concentrations and gra-
dients in the biofilm. See Mašic´ (2013) for a more detailed overview and discussion.
In the model presented here, we do not include these simplifications, but we de-
scribe the biofilm by a full traditional one-dimensional model of Wanner–Gujer type
that we embed in a lumped reactor mass balance for dissolved substrates and sus-
pended bacteria. Overall, the resulting model is a system of ordinary differential
equations that is coupled to a hyperbolic free boundary value problem with non-local
non-linearities for the biomass distribution in the biofilm by a semi-linear system of
second-order two-point boundary value problems for the substrates in the biofilm.
The model is not easily accessible for rigorous analysis of the dynamic behavior.
Therefore, it is studied in extensive numerical simulations.
Besides giving a description of the overall system behavior, we aim to answer the
following questions:
• For given reaction parameters, how do the operating conditions of the reactor, ex-
pressed in terms of hydraulic load and colonizable surface area, affect the biofilm
nitrification process qualitatively and quantitatively?
• What is the quantitative contribution of the suspended bacteria to the predomi-
nantly biofilm controlled nitrification process?
• Can a simpler model that considers only the biofilm but does not explicitly ac-
count for transformation processes in the suspended phase give a sufficiently good
approximation of the process?
• What are the effects of attachment and erosion in the hybrid model?
• How do attachment rate, dilution rate, colonizable surface area, and erosion param-
eter affect the relative differences between the hybrid and the biofilm-only model?
• How well is the microbially complex system studied here described qualitatively
by the much simpler previously studied single-species model?
2 Mathematical Model
2.1 Governing Equations
The main structure of our model originates in Jones et al. (2003), where substrates,
floc forming suspended bacteria, and wall-attached bacteria are considered in a con-
tinuously stirred tank reactor for a single species system that is growth limited by
a single substrate. We extended this model in Mašic´ and Eberl (2012), where we
replaced the simpler Freter model for wall attached bacteria by the traditional 1D
biofilm model from Wanner and Gujer (1986). We now introduce microbial com-
plexity into the previous single species/single-substrate case by considering the nitri-
fication process described in Elenter et al. (2007) for biofilms.
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In this multi-species multi-substrate model, bacteria are assumed to detach and
become suspended, and suspended bacteria can (re-)attach to the biofilm. Biomass
growth occurs through consumption of substrate, which is continuously supplied to
the reactor. Substrates diffuse into the biofilm and form gradients due to diffusion
and reaction. Bacterial cells may become inert matter through inactivation and en-
dogenous respiration. The flow through the reactor washes out suspended biomass as
well as substrates and products. Biofilms are assumed to homogeneously cover the
colonizable surfaces on which they grow.
Starting point for the development of our model are mass balances for the dis-
solved substrates in a reactor with a completely mixed bulk phase,
S˙k = D
(
S0k − Sk
) − 1
V
(
rk(uA,uN, S¯) + ADkjk(λ, S¯)
)
, k ∈ IS (1)
with initial conditions
Sk(t0) = S0k , (2)
where IS = {O2,NH4,NO2,NO3} is the index set, SO2(t) [g/m3] denotes the oxy-
gen concentration, SNH4(t) ammonium, SNO2(t) nitrite, SNO3(t) nitrate, and where
S¯ = [SO2, SNH4, SNO2, SNO3]. The reactor parameters D [d−1], V [m3], and A [m2]
denote the dilution rate, the volume, and the colonizable surface area, respectively.
The dilution rate can be related to the flow rate through D = Q/V , where Q [m3/d]
is the flow rate. The diffusion coefficients for the dissolved components are denoted
by Dk [m2/d], k ∈ IS . Table 1 gives the stoichiometric matrix from which the reac-
tion rates rk can be expressed, which are also specifically written out in Appendix A.
In essence, these reaction rates describe uptake or production of substrates by mi-
crobial activity. Using the same notation as in Mašic´ and Eberl (2012), the functions
jk(λ, S¯), k ∈ IS , are defined as
jk(λ, S¯) =
{ 1
Dk
∫ λ
0 rk(fAρ,fNρ, C¯)dz λ > 0,
0 λ = 0,
(3)
where λ(t) [m] is the biofilm thickness. The suspended biomass types uA, uN , and
the biofilm fractions fA, fN will be discussed below. Diffusion-reaction equations
describe the dissolved compounds within the biofilm. Due to the disparity of the time
scale for biomass growth and substrate consumption and diffusion (see Wanner et al.
2006), we follow the common practice in biofilm modeling to consider the equations
at steady state,
DkC
′′
k (z) = rk(fAρ,fNρ, C¯), 0 < z < λ, k ∈ IS (4)
with boundary conditions
C′k(0) = 0,Ck(λ) = Sk, (5)
where CO2(z) [g/m3] denotes oxygen concentration at biofilm thickness z m from
the substratum, CNH4(z) ammonium, CNO2(z) nitrite, CNO3(z) nitrate, and C¯ =
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[CO2,CNH4,CNO2,CNO3]. Ck(z) indirectly depend on Sk through the boundary con-
dition at z = λ in (5). Note that the boundary conditions change with time through de-
pendence on Sk(t) and λ(t), wherefore solutions to (4) are functions of time. Bound-
ary condition (5) for z = 0 imposes that the substratum is impermeable to the dis-
solved compounds.
Biomass exists in suspended and in biofilm form divided into three types: ammo-
nium oxidizers (A), nitrite oxidizers (N ), and inert matter (I ). In contrast to Elenter
et al. (2007), we assume that heterotrophic bacteria are not present in the reactor, but
consider a pure nitrifying system. Suspended biomass in the reactor is assumed to be
completely mixed and described by the reactor mass balances
u˙A = uA
(
μA(S¯) − D
) − αuA + Aρd(λ)λfA(λ), (6)
u˙N = uN
(
μN(S¯) − D
) − αuN + Aρd(λ)λfN(λ), (7)
u˙I = (fXI + η)
(
uAbA · SO2
KA,O2 + SO2 + uNbN ·
SO2
KN,O2 + SO2
)
− uID
− αuI + Aρd(λ)λfI (λ) (8)
with initial conditions
uA(t0) = u0A, uN(t0) = u0N, uI (t0) = u0I , (9)
where uA(t) [g] denotes the suspended ammonium oxidizers, uN(t) nitrite oxidiz-
ers, and uI (t) inert matter. The details of the growth rates μA(t) [d−1] and μN(t)
[d−1] are found in Table 1 and in Appendix A. They comprise production of biomass
due to substrate utilization, and loss of active biomass due to endogenous respiration
and inactivation. KA,O2,KN,O2 [g/m3] are the half-saturation Monod coefficients for
oxygen, bA,bN [d−1] are the decay rates, fXI [–] is the fraction of inert biomass
produced by endogenous respiration and η [–] is the anoxic reduction factor.
The biomass exchange process between biofilm and suspension occurs in both
directions at different rates. As in Mašic´ and Eberl (2012), attachment is described
by a linear function of the suspended biomass density with a constant attachment
rate α [d−1]. It is worth noting that a main difference between the attachment model
used here and the one used in the Freter model with wall attachment in Jones et al.
(2003) is that in the latter availability of free space can limit attachment, whereas in
the former suspended biomass can attach to an existing biofilm, i.e. no limitation on
the attachment rate is enforced.
In Wanner and Gujer-type biofilm models, the standard detachment rate d(λ)
[d−1] is assumed to be proportional to the biofilm thickness with a constant erosion
parameter E [m−1d−1]
d(λ) = Eλ. (10)
For the description of the biofilm model, we follow the traditional Wanner–Gujer
modeling framework from Wanner et al. (2006) and Wanner and Gujer (1986). In par-
ticular, it is assumed that within the biofilm the biomass density ρ [g/m3] is constant.
Therefore, the distribution of biomass across the biofilm can be described by the vol-
ume fractions occupied by the different types of biomass which add up to unity. In
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the biofilm, new active biomass is produced due to utilization of substrates and trans-
formed into inert biomass by endogenous respiration and inactivation, following the
same kinetics as the suspended biomass. Production of new biomass leads to spatial
expansion of the biofilm, where the expansion velocity is determined by the rate of
biomass production. In the biofilm, spatial movement of biomass is described by the
advection-reaction equation
∂fi
∂t
= fiμi(C¯) − ∂
∂z
(fiv), 0 < z < λ, i ∈ Ib (11)
with initial conditions
fi(z, t0) = f 0i (z), (12)
where Ib = {A,N, I } is the index set for biomass, fA(z, t) [–] denotes the fraction of
ammonium oxidizers at time t and biofilm thickness z, fN(z, t) the nitrite oxidizers
and fI (z, t) the fraction of inert matter. As above, the growth rates μA(t), μN(t)
and μI (t) can be found in Table 1 and in Appendix A. Note that the three volume
fractions must satisfy
∑
i∈Ib
fi(z, t) = 1. (13)
In (11), the variable v denotes the velocity of the biomass in the biofilm. It is com-
puted from the reaction terms by
v(t, z) =
∫ z
0
∑
i∈Ib
fiμi(C¯)dz
′. (14)
The rate of change for the biofilm thickness λ(t) [m] is the sum of detachment, at-
tachment, and biomass growth induced expansion. We have
λ˙ =
∫ λ
0
(
fAμA(C¯) + fNμN(C¯) + fIμI (C¯)
)
dz + α
Aρ
(uA + uN + uI )
− d(λ)λ(fA(λ) + fN(λ) + fI (λ)
)
. (15)
2.2 Some Remarks on the Mathematical Model
Remark 2.1 (Complexity of the mathematical model) Equations (1)–(15) constitute a
complex, hybrid mathematical model. To study it qualitatively with analytical meth-
ods is difficult, and even the analysis of the individual ingredients is challenging
and often does not lead to insightful results, such as easy to apply stability cri-
teria. Our model consists of a mass balance for the bioreactor, consisting of the
eight ordinary differential equations (1), (6)–(8), (15) for bulk substrate concentra-
tions SO2(t), SNH4(t), SNO2(t), SNO3(t), suspended biomass uA(t), uN(t), uI (t),
and biofilm thickness λ(t). The nonlinearities in this mass balance are coupled to
and require the solution of a one-dimensional biofilm model of Wanner–Gujer type.
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This biofilm model is a free boundary value problem for four semi-linear diffusion-
reaction equations describing the substrate concentration profiles across the biofilm
CO2(z), CNH4(z), CNO2(z), CNO3(z) coupled with two hyperbolic equations with
non-local effects for the biomass distribution across the biofilm, fA(z, t), fN(z, t).
Note that the equation for fI (z, t) need not be solved due to (13). Although stand
alone biofilm models of this type have been used for numerical simulation of wastew-
ater treatment processes for several years (see Wanner et al. 2006), first qualitative
mathematical results appeared in the literature only recently (Szomolay et al. 2010;
Szomolay 2008) and for microbially simpler systems. These are existence results and
results about the stability of steady state solutions. Stability criteria obtained with
these techniques, however, are not easy to apply to problems with nonlinear reaction
kinetics, since they depend strongly on quantitative aspects of the substrate concen-
tration profiles, for which often only crude estimates are available. Moreover, how to
apply these results to study a biofilm model that is embedded in the eight-dimensional
reactor mass balance is not obvious. Furthermore, for a much simpler problem, in
which only one biomass species and one substrate concentration was considered, and
in which case the hyperbolic free-boundary value problem could be reduced to an
ordinary differential equation, algebraic complexity prevented a complete analysis of
non-trivial equilibria (Mašic´ and Eberl 2012). Therefore, we cannot expect to be able
to obtain much insight into model behavior from analytical techniques, but we have
to rely on numerical solutions instead.
Remark 2.2 (Suspended vs. sessile biomass) The mathematical model (1)–(15) does
not permit a non-trivial solution without suspended or without sessile biomass. To see
this, let us assume that such a solution exists, i.e. a solution with uA(t) = uN(t) =
uI (t) = 0 and with λ(t) > 0 for all t ∈ (ta, tb), where 0 ≤ ta < tb . The assertion
follows for the suspended biomass fractions by contradiction from (6)–(8). Similarly,
if one assumes instead that λ(t) = 0 for all t ∈ (ta, tb), but uA(t)+uN(t)+uI (t) > 0,
then a contradiction to (15) is obtained. This simple observation implies that the
model (1)–(15) does neither permit a “suspended only” nor a “biofilm only” special
solution. However, the mere presence of both types of biomass does not imply that
they both contribute at similar levels to the nitrification process. To investigate this
question will be one of the main thrusts of the numerical simulations documented
below.
Remark 2.3 (Equilibria) A rigorous mathematical analysis of the steady states of the
model and their stability is difficult. In Appendix B, we discuss this and compare
the numerical findings for the multi-species model with the analytical results of the
simpler single-species model of Mašic´ and Eberl (2012).
3 Model Parameters and Numerical Simulations
3.1 Model Parameters
In many wastewater treatment reactors, oxygen is externally supplied to avoid that it
becomes the process limiting substrate (Rittmann and McCarty 2001). To account for
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Table 2 Reactor dimensions
Parameter Value Unit Reference
Radius 0.08 m assumed
Height 0.3 m assumed
Inner surface area Areactor 0.17 m2 calculated from radius and height
Volume V 0.006 m3 calculated from radius and height
Suspended carrier area 0.0068 m2 Mašic´ et al. (2010)
this, the oxygen bulk concentration is kept at a constant value, and the corresponding
reactor mass balance in (1) is removed from the system. However, across the biofilm,
oxygen is consumed by the bacteria. Therefore, the diffusion-reaction equation (4)
still needs to be considered for oxygen. Furthermore, the volume fraction for inert
biomass in the biofilm can be obtained with Eq. (13), wherefore the corresponding
equation in (11) need not be solved. The remaining nine equations (1), (6)–(8), (11),
(15) are coupled with four steady state diffusion-reaction equations (4) for the dis-
solved substances in the biofilm, which need to be solved in every time step of the dy-
namic model. This model was implemented for simulation using MATLAB R2010b,
attaining moderate computational complexity. The diffusion-reaction equations (4)
were solved with the built-in solver bvp4c, a finite difference code using the three-
stage Lobatto IIIa formula, which is a collocation formula (The Mathworks 2012).
Most of the other equations were solved using in-house finite difference schemes.
Integrals were approximated with the trapezoidal rule except the integrals in (11)
and (15) where we used the built-in function quadl, a high order method using an
adaptive Gauss/Lobatto quadrature rule (The Mathworks 2012). Profiling of the sim-
ulation code showed that most computation time was spent on solving the boundary
value problem (4), which is why most researchers use an approximation of the prob-
lem. The time to compute the steady-state values of the system with desired accuracy
by time-stepping the thirteen equations to steady state were in the order of hours to
days, depending on the specific combination of parameters. The simulations were run
on a Dell Precision T5500 workstation with two quadcore Intel Xeon X5550 proces-
sors and 12 GB RAM and on a HP Compaq nc6320 Business Notebook with an Intel
Core 2 Duo T7200 processor and 4 GB RAM.
The biofilm reactor in our simulations is a cylindrical reactor with an open top,
a volume V = 0.006 m3 and an inner surface area Areactor = 0.17 m2; see Table 2.
The additional suspended carriers that can be added to the system each have an area of
0.0068 m2. With a maximum amount of 150 carriers, this results in a total available
area for biofilm colonization A between 0.17 m2 and 1.19 m2. Note that A (area)
and c (number of suspended carriers) will be used interchangeably throughout the
paper.
The reaction parameters that we used for our study have been collected from the
literature and were validated against experimental data in Mašic´ et al. (2010). These
experiments were carried out at 10 °C, to account for water temperatures in colder
climates, such as Scandinavia or the Canadian Spring and Fall. At these low tem-
peratures, the growth rates for NOB are higher than for AOB, contrary to what is
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Table 3 Model parameters at 10 °C
Symbol Name Value Unit Reference
α attachment rate 1 d−1 assumed
bA decay rate of AOB 0.04 d−1 Salem et al. (2006)
bN decay rate of NOB 0.08 d−1 Salem et al. (2006)
D dilution rate varied d−1 –
DO2 diffusion coefficient for O2 9.93 · 10−5 m2d−1 Wik (1999)
DNH4 diffusion coefficient for NH+4 9.13 · 10−5 m2d−1 Wik (1999)
DNO2 diffusion coefficient for NO−2 7.93 · 10−5 m2d−1 Wik (1999)
DNO3 diffusion coefficient for NO−3 7.93 · 10−5 m2d−1 Wik (1999)
E erosion parameter 1000 m−1d−1 assumed
η anoxic reduction factor for bA or bN 0.5 – Elenter et al. (2007)
fXI fraction of inert biomass produced
by endogenous respiration
0.1 – Picioreanu et al. (2004)
iA nitrogen content of active biomass 0.07 – Picioreanu et al. (2004)
iI nitrogen content of inactive biomass 0.02 – Picioreanu et al. (2004)
KA,O2 half-saturation Monod coeff. for AOB, O2 0.5 gm−3 Pai (2007)
KN,O2 half-saturation Monod coeff. for NOB, O2 0.5 gm−3 Pai (2007)
KNH4 half-saturation Monod coeff. for AOB, NH+4 0.1690 gm−3 Mašic´ et al. (2010)
KNO2 half-saturation Monod coeff. for NOB, NO−2 0.302 gm−3 Wiesmann (1994)
μA,max maximum specific growth rate for AOB 0.3082 d−1 Wyffels et al. (2004)
μN,max maximum specific growth rate for NOB 0.4015 d−1 Wyffels et al. (2004)
ρ biomass density 10000 gm−3 Picioreanu et al. (2004)
Q flow through the reactor varied m3d−1 –
YA biomass yield coefficient for AOB 0.15 – Wyffels et al. (2004)
YN biomass yield coefficient for NOB 0.041 – Wyffels et al. (2004)
commonly found in warmer temperatures (Hunik et al. 1994; Hellinga et al. 1998).
The reaction parameters are summarized in Table 3.
We have chosen the same stoichiometry and kinetic parameters for suspended
biomass as for biofilm biomass, due to the poor understanding and availability of
reliable parameters (Boltz et al. 2009a). Being aware that this choice limits our nu-
merical study, we have reduced the complexity from 42 parameters to 28.
All simulations, unless otherwise stated, start with an initial biofilm thickness and
suspended biomass
λ(0) = 10 µm, uA(0) = uN(0) = 20 µg, (16)
i.e. we assume an equal amount of AOB and NOB and no inerts initially. Thus,
fA(z,0) = fN(z,0) = 0.5, fI (z,0) = 0. (17)
The initial concentrations of the dissolved compounds are
SNH4(0) = 30 g/m3, SNO2(0) = 0 g/m3, SNO3(0) = 1 g/m3 (18)
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and dissolved oxygen SO2 is kept constant at 5 g/m3. The simulations are terminated
once they attain steady state in all variables, i.e. when the changes in the state vector
between two consecutive time steps are small.
3.2 Simulation Experiments
In the numerical simulations we used the hybrid model, defined by Eqs. (1), (6)–
(8), (11), (15), and (4), to investigate the contribution of suspended biomass to the
overall reactor performance. Primarily two parameters have been varied during the
simulations: the dilution rate D between 0 d−1 and 160 d−1, and the number of
suspended carriers that supply additional colonizable area for the biofilms between 0
and 150 with an increment of 25 carriers resulting in a total of 133 simulations for
the hybrid model.
For comparison purposes, we also carried out simulations in which we only con-
sidered biofilm bound biomass, but no suspendeds and vice versa. We used the same
numerical code as previously compiled for the hybrid model, but set the attachment
rate to zero when appropriate, and set the initial data accordingly. Furthermore, in
the suspendeds-only case, we did not solve the equations for diffusion-reaction (4),
biofilm volume fractions (11) and biofilm thickness (15), and D was varied on a grid
of 48 points between 0 d−1 and 1 d−1. For biofilm-only, we did not solve the sus-
pended biomass mass balances (6)–(8), carrying out 133 simulations corresponding
to the simulation of the hybrid model. Note that the solution to the biofilm-only model
is not a special solution of the hybrid model as per Remark 2.2.
To study the effects of changes in attachment and detachment rates for various
reactor conditions, additional simulations were performed where we simultaneously
varied the dilution rate D (between 0.5 and 10 d−1), the attachment rate α (between
0.1 and 1.5 d−1), the number of suspended carriers c (between 0 and 150) and the
erosion parameter E (between 100 and 1500 m−1d−1), resulting in 256 additional
simulations. For comparison purposes, also 64 corresponding simulations were car-
ried out for the biofilm-only model, where the attachment rate does not need to be
considered.
4 Results and Discussion
In this section, we summarize and discuss the results of simulations of the model
under varying reactor operation conditions, in terms of dilution rate D and coloniz-
able surface area A, and for varying detachment rates that are correlated with reactor
hydraulic load. In all simulations, steady state was attained eventually. The primary
focus of our computational analysis will be on reactor performance and microbial
ecology at steady state and the comparison of the hybrid model that considers biofilm
and suspended biomass with the biofilm-only model.
4.1 Detailed Documentation of a Typical Simulation of the Hybrid Model
A typical simulation of our model is presented in Figs. 1 and 2. The dilution rate in
this simulation is set to D = 5/day, and the number of biofilm carriers in the reactor
is c = 50.
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Fig. 1 Typical time-dependent simulations of (a) effluent concentrations of ammonium (solid), nitrite
(dot), and nitrate (dash); (b) amount of AOB (solid), NOB (dot), and inerts (dash-dot) in suspended form;
(c) biofilm thickness; (d) amount of AOB (solid), NOB (dot), and inerts (dash-dot) in biofilm form; in the
hybrid model at D = 5/day and c = 50
Fig. 2 Spatial distribution across the biofilm at steady state for D = 5/day and c = 50: (a) biomass frac-
tions AOB (gray), NOB (dark blue) and inerts (white) in the biofilm; (b) concentrations C(z) of oxygen
(dash-dot gray), ammonium (solid), nitrite (dot) and nitrate (dash) (Color figure online)
The time evolution of the system is documented in Fig. 1. The ammonium con-
centration in the effluent starts at SNH4(0) = 30 g/m3 and drops quickly down to a
much lower value due to consumption by AOB, leveling off after approximately 25
days. Nitrite, the outcome of AOB consumption, is initially absent from the system,
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but is produced and reaches a plateau value, albeit a small one. Most of the nitrite is
converted to nitrate by NOB, which is why the nitrate concentration increases rapidly
from SNO3(0) = 1 g/m3 and levels off at the same time as SNH4.
The transient behavior of the substrates is reflected in the transient behavior of
suspended (Fig. 1b) and sessile biomass fractions (Figs. 1c, d) in the system. Sus-
pended AOB increases to eventually level off, while the faster growing NOB level off
at a smaller value. AOB are initially exposed to abundant nutrient and oxygen and are
able to expand their biomass to a greater extent than NOB, which have to wait for the
nitrite to be produced. Suspended inerts also accumulate in the reactor and reach a
plateau, however, at a later time than the active biomass fractions. The biofilm in the
system attains a thickness of λ = 165 µm (see Fig. 1c) at about the same time that the
suspended biomass fractions attain their equilibrium values. In the biofilm, a similar
development is occurring as in the suspended phase due to nutrient and oxygen avail-
ability. However, NOB attains a higher proportion of active biomass relative to AOB,
compared to the suspended populations. Inerts in the biofilm eventually level off at
a higher ratio to active biomass than for the suspended bacteria. This is likely due to
substrate limitations in the inner layers of the biofilm. Overall, the amount of biomass
in the biofilm is by more than one order of magnitude larger than in the suspended
mode of growth.
The spatial distribution of biomass and substrates across the biofilm at steady state
is documented in Figs. 2a, b. AOB is the clearly dominating species, as already indi-
cated in Fig. 1d. Both active biomass fractions AOB and NOB occupy more volume
in the outer layer of the biofilm than in the inner layer of the biofilm. Inerts, on the
other hand, occupy more volume in the inner layers than in the outer layers. This is
explained by the spatial distributions of the growth limiting substrates.
Oxygen, which is kept at a constant value in the liquid phase by aeration, and
consumed for growth and endogenous respiration of both species, decreases in con-
centration from the biofilm/water interface to the substratum. At the biofilm/water
interface the bulk oxygen concentration is one order of magnitude higher than the
half saturation concentrations KA,O2 and KN,O2, whereas in the inner layers of the
biofilm, the oxygen concentration attains approximately the same order of magnitude
as the half saturation concentrations, indicating oxygen limitation of growth there.
Lack of oxygen in the inner layers of the biofilm explains the accumulation of inert
biomass at the substratum. The concentration of ammonium SNH4, which is continu-
ously supplied to the reactor externally, is higher at the biofilm water interface than
in the inner layers. Nevertheless, the lowest concentration value at the substratum
is still one order of magnitude higher than the half saturation concentration KNH4,
which indicates that ammonium does not limit growth in this simulation, due to the
high external supply, i.e. more ammonium is supplied than the biomass is able to
consume. The concentration of nitrite SNO2, which is not externally supplied to the
reactor, remains approximately constant across the biofilm, indicating an equilibrium
between the liquid and biofilm phase. Also, this concentration value is substantially
higher than the half-saturation concentration KNO2. The product nitrate SNO3, which
is continuously supplied to the reactor in a small amount, attains its highest values in
the inner layers, indicating a substrate flux from the biofilm into the liquid phase, due
to the strong activity in the biofilm.
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4.2 For Given Reaction Parameters, how Do the Operating Conditions of the
Reactor, Expressed in Terms of Hydraulic Load, D and Colonizable Surface
Area A, Affect the Biofilm Nitrification Process Qualitatively and
Quantitatively?
Figure 3 is included here for the reader’s convenience, with a detailed description
and further results found online as supplementary material to this article. We plot the
steady state values of ammonium, nitrite, and nitrate concentration, ammonium re-
moval, production of nitrite and nitrate and amount of AOB, NOB, and inert biomass
in the biofilm, in the hybrid model and in the biofilm-model for various amounts of
suspended carriers c and various dilution rates D.
The dilution rate controls the amount of substrate that is supplied to the reactor
as well as the removal of suspended biomass. Colonizable surface area indirectly
governs the amount of biofilm in the reactor. The dilution rates were varied between
0 and 160 d−1 and the number of suspended carriers between 0 and 150 carriers.
The combined effect of variation in these operating conditions shows that changes
in dilution rate and colonizable surface area have a great impact on the performance
of the hybrid reactor at steady state (see Fig. 3). Detailed results can be found in the
online supplementary material to this article.
Complete conversion of ammonium to nitrate is obtained in the simulations for
all surface areas at very small dilution rates (see Figs. 3a, c), at which only a small
amount of substrate enters the reactor. When the dilution rate is increased, we see
a domination of ammonium over nitrate in the effluent at small surface areas and
vice versa at large A. Too small surface areas carry an insufficient amount of biofilm
that is unable to consume all the incoming ammonium, resulting in a high concen-
tration of unused ammonium leaving the reactor with the effluent. When the area is
increased enough, biofilm can be established to convert the ammonium to high levels
of nitrate. Effluent nitrite concentration increases when dilution rate and surface area
are increased, with high peaks of nitrite for small D and A; see Fig. 3b. Removal of
ammonium and production of nitrate in Figs. 3d and f increase as D and A increase,
with ammonium removal reaching a plateau for large D while nitrate production
eventually begins to decrease. The decrease in nitrate production is connected to the
increase in net production of nitrite, which generally increases as D increases and as
A decreases; see Fig. 3e. Very large amounts of ammonium, which are supplied by
large dilution rates, cause an increase in AOB and a higher demand for oxygen. The
remaining oxygen that is available for NOB growth is insufficient to maintain a large
amount of biomass, i.e. nitrate production decreases.
Increased surface area allows for more biofilm growth; however, the nutrients can
be growth limiting rather than the surface area. Although the overall biofilm biomass
increases as surface area is increased, the biofilm thickness itself decreases. On the
other hand, increased dilution rate supplies more substrates to the reactor, causing
an increased biomass growth. Biomass composition within the biofilm displays an
increase in all biomass types as surface area is increased, see Fig. 4a. However, an
increased dilution rate causes the ammonium oxidizers to increase due to higher sub-
strate supply and to eventually reach a plateau. It causes the nitrite oxidizers to reach a
maximum and subsequently to decrease, and the inert biomass to decrease in general.
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Fig. 3 Steady state results for varying dilution rates D and amount of suspended carriers c: Concentration
[g/m3] of (a) ammonium, (b) nitrite, (c) nitrate in reactor outflow; Removal [g/d] of (d) ammonium;
Production [g/d] of (e) nitrite, (f) nitrate; Amount [g] of biomass type (g) AOB, (h) NOB, (i) inert; in
the hybrid model (solid), in the biofilm model (dashed) and the biofilm contribution in the hybrid model
(dotted, only in (d)–(f)) (Color figure online)
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Fig. 4 Steady state values for varying dilution rates D and amount of suspended carriers c: AOB (solid)
and NOB (dashed) biomass [g] in (a) biofilm, (b) suspended form, in the hybrid model (Color figure
online)
Fig. 5 Steady state values for varying dilution rates D and amount of suspended carriers c: Percentage of
biofilm biomass in the total amount of biomass in the hybrid model (solid)
The decrease in NOB biomass occurs due to higher demand by AOB for oxygen, for
which the two species compete. AOB and NOB in suspended biomass reach maxima
as D is increased (see Fig. 4b) after which they decrease, i.e. lose biomass due to
washout from the reactor. For small dilution rates the suspended biomass decreases
as A is increased, with the opposite occurring for large dilution rates.
Throughout the simulations, the hybrid model is dominated by the biofilm biomass
compared to suspended biomass; see Fig. 5. The amount of biofilm is increased as D
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and A are increased, largely due to washout of suspended biomass and an increased
biofilm area, respectively. Suspended biomass accounts for at most 8 % of the total
biomass in the reactor, for small dilution rate, and colonizable surface area.
4.3 What Is the Quantitative Contribution of the Suspended Bacteria to the
Predominantly Biofilm Controlled Nitrification Process? Can a Simpler Model
that Considers Only the Biofilm but Does Not Explicitly Account for
Transformation Processes in the Suspended Phase Give a Sufficiently Good
Approximation of the Process?
Depending on the reactor operating conditions, suspended biomass can account for
up to 8 % of the total biomass in the system. For higher dilution rates, this number
might be as small as 1 % due to increased washout. This statement holds similarly
for AOB and NOB; see Figs. 3g, h. More AOB biomass is found in the biofilm in the
hybrid model than in the biofilm-only model, which is partly reversed for the NOB
biomass for large dilution rates. The explanation lies in a combined effect of biomass
attachment and competition for oxygen. In the hybrid model, biomass is continuously
attached from the suspended phase to the biofilm, thereby keeping more biomass in
the system. AOB dominates in the suspended phase at large dilution rates, while NOB
is largely washed out. Therefore, more AOB is attached to the biofilm in the hybrid
model. The increased amount of AOB consumes more oxygen, leaving less oxygen
available for NOB growth, which is why the amount of NOB in the biofilm eventually
decreases.
The second step of nitrification, i.e. conversion of nitrite to nitrate, is significantly
affected by the presence of suspended biomass in the reactor. More detailed results
are found in the online supplementary material to this article. The effluent nitrite
concentration in Fig. 3b and its net production rate in Fig. 3e differ greatly between
the biofilm model and the hybrid model, in particular for small colonizable surface
areas, where competition for oxygen between biofilm and suspended biomass and
oxygen limitation cause nitrite accumulation, which is not desired in nitrification.
The amount of NOB in Fig. 3h is only slightly affected by the presence of suspended
biomass, whereas we observe significant effects on inert biomass in Fig. 3i. Not only
does a larger quantity of inerts exist in the hybrid model, they also respond stronger
to variations in dilution rate and surface area. Consequently, we have a thicker and
less active biofilm in the hybrid model.
Overall removal of ammonium and production of nitrate in the reactor (Figs. 3d, f)
are insignificantly affected by the presence of suspended biomass in the reactor, even
as dilution rate and colonizable surface area are varied. The effluent concentrations
of ammonium and nitrate along with the amount of AOB in the reactor (Figs. 3a, c, g)
are likewise unaffected by the suspended biomass. The overall behavior of a biofilm
model and a hybrid model is indistinguishable when focusing on the aforementioned
removal rates and concentrations.
Despite a quantitative domination by the biofilm, we find detectable effects on the
system by the suspended biomass, whose survival in the reactor is prolonged through
the biomass exchange between attached and unattached form. When studying a model
containing only suspended biomass, we observe monumental differences compared
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to the biofilm and hybrid models, see figures in the supplementary material. In a
suspended-only model, biomass is very strongly affected by the flow rate, reaching
washout of biomass for dilution rates of the same order of magnitude as the biomass
growth rates. Washout of suspended biomass in the hybrid model is noticeable for
higher dilution rates, although never completely achieved.
4.4 What Are the Effects of Attachment and Detachment in the Hybrid Model?
Re-attachment of suspended biomass and detachment of biofilm biomass are com-
plex, not well understood processes that are approximated by relatively simple ex-
pressions. The detachment model that we use here is fairly common in biofilm model-
ing and assumes that the detachment rate is proportional to the biofilm thickness. At-
tachment is modeled using a constant rate. We conduct a sensitivity analysis, whereby
we vary α and E by more than one order of magnitude, to assess the role of these
mass exchange processes for the overall reactor system. In Sect. 4.2, we have seen
that the dilution rate and the colonizable surface area have a strong effect on the
process parameters and that in particular biofilm composition can vary greatly in de-
pendence of these parameters. Therefore, in order to obtain a comprehensive picture
of parameter interdependencies, identifying a representative set of reactor operating
conditions is not possible for the sensitivity analysis with respect to attachment and
detachment, but we vary α and E together with the reactor conditions D and c. We
vary E across 100, 500, 1000, and 1500/md, the α across 0.1, 0.5, 1.0, and 1.5/d, the
D across 0.5, 2.5, 5.0, and 10/d, and the number of suspended carriers c across 0, 50,
100, and 150, resulting in 256 parameter combinations.
Regarding their sensitivity with respect to α, c, D, E, the dependent variables
and other quantities of interest in the model can be grouped by processes, which are
roughly connected to the first and second steps of nitrification. In Fig. 6, we show the
steady state values of three representatives of these groups. Each sub-figure in Fig. 6
contains 16 curves of different line style and color, representing the different combi-
nations of D and α. The variables in the first two rows of Fig. 6, overall ammonium
removal and biofilm AOB biomass, represent the first step, along with ammonium
concentration in the reactor and suspended AOB biomass (data not shown). NOB
biofilm biomass in the third row represents the second group, to which also nitrite net
production and concentration as well as suspended NOB biomass belong (data not
shown).
We observe that the curves in many sub-figures are grouped by line style, in-
dicating that changes in α have a small effect on the steady state outcome of the
model. This is particularly visible in the top right sub-figure of ammonium removal
at c = 150, where all the curves of one line style are located on top of each other,
indistinguishable by color. On the other hand, α has a more pronounced effect on
biofilm NOB biomass at c = 0 in the bottom left subfigure. A higher α retains more
biomass in the reactor through an increased attachment to the biofilm, thereby avoid-
ing a risk of washout. This effect is visible in the AOB sub-figures, where the curves
for each line style are ordered such that the highest α attains the largest amount of
biomass.
The curves in Fig. 6 are all shown as functions of the erosion parameter E.
A higher E causes a higher detachment of biomass from the biofilm, i.e. a thinner
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Fig. 6 Steady state values of ammonium removal [g/m3] (1st row), biofilm AOB [g] (2nd row) and biofilm
NOB [g] (3rd row) in the hybrid model with c = 0,50,100,150 suspended carriers (1st–4th column) as
functions of the erosion parameter E. Variation in dilution rates D [d−1] represented by line style: D = 0.5
(solid), D = 2.5 (dotted), D = 5 (dashed), D = 10 (solid w. full circles); variation in attachment rates α
[d−1] represented by color: α = 0.1 (purple), α = 0.5 (yellow), α = 1 (red), α = 1.5 (black) (Color figure
online)
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biofilm. Such an effect is clearly visible in the AOB sub-figures, with a more pro-
nounced effect for larger c and higher D, at which more nutrients are supplied to the
reactor, resulting in a thicker biofilm on which the effect of increased detachment is
noticeable. The behavior of the NOB biomass at c = 0,50, and 100 shows steeply
increasing functions for the higher dilution rates. Large amounts of freshly supplied
ammonium at high dilution rates result in excess growth of AOB biomass. Since the
NOB biomass is involved in the second step of nitrification, almost all oxygen is con-
sumed by AOB in the first step, leaving no oxygen for the aerobic growth reactions of
NOB, which are thus out-competed. This type of behavior is more evident in thicker
biofilms that have a large amount of inert biomass due to oxygen depletion. Through
an increase of detachment, the biofilm thickness decreases by losing the outer active
layer, enabling oxygen to penetrate the previously deeper parts of the biofilm, thus al-
lowing for more NOB growth. Ammonium removal is largely unaffected by erosion,
with most curves in the first row in Fig. 6 showing up as constant lines. The AOB
biomass in the reactor is able to consume equal amounts of ammonium regardless of
the α and E values, indicating that oxygen is the limiting factor in the reaction.
Our results indicate that the erosion, as expressed by E, particularly affects the
steady state values of the intermediate compounds and processes in the model, such
as the nitrite concentration and the NOB biofilm biomass. On the other hand, the
re-attachment description, expressed in terms of α, shows no such pronounced and
consistent effect.
4.5 How Do α, D, c, and E Affect the Relative Differences Between the Hybrid
and the Biofilm-Only Model?
Re-attachment of suspended biomass is not considered in the simpler biofilm-only
model. Varying E, D, c over the same ranges as in the previous section, we conduct
additional 43 = 64 simulations of the simpler model. We compare the biofilm-only
against the hybrid model by analyzing the differences in the quantities of interest:
ammonium removal, production of nitrite and nitrate, nitrite concentration, biofilm
thickness, biofilm AOB, NOB, and inert biomass. For a combination of c, D, E, we
compute the relative differences δj (c,D,E) between the models
δj (c,D,E) = |q¯j,h(c,D,E) − qj,b(c,D,E)|
q¯j,h(c,D,E)
, (19)
where qj,b(c,D,E) denotes the quantity in the biofilm model. The averaged quantity
q¯j,h(c,D,E) in the hybrid model with respect to α is obtained by
q¯j,h(c,D,E) = 1
nα
nα∑
r=1
qj,h(c,D,E,αr) (20)
which is substituted directly into (19).
These data are plotted in Fig. 7. For every pair E, D, we represent for every c the
relative differences between model predictions for the quantities of interest as circles
with radius δj . These circles are color coded with c = 0 black, c = 50 red, c = 100
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Fig. 7 Relative differences between the hybrid model and the biofilm-only model at steady state for
dilution rates D = 0.5,2.5,5,10 (x-axis), erosion rates E = 100,500,1000,1500 (y-axis) and amounts
of suspended carriers c = 0,50,100,150 shown in order in colors black, red, green, blue. The unit for
the circles is the same as the x-axis, i.e. a difference of 1 equals a difference of 100 %. The studied
quantities are: (a) ammonium removal, (b) nitrate production, (c) nitrite concentration in reactor, (d) nitrite
net production, (e) biofilm thickness, (f) AOB, (g) NOB, (h) inerts in biofilm (Color figure online)
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green, and c = 150 blue. The circle radii are scaled with respect to the unit of the
D axis. We note in some cases (nitrate production in Fig. 7b and amount of NOB
in biofilm in Fig. 7g, for low E) relative differences between the models of 100 %.
In these cases, the quantity of interest is close to 0 in both models. For example,
the steady state value of nitrate production in the hybrid model for the parameter
combination D = 2.5,E = 500, c = 0 was 0.00163 g/day and in the biofilm-only
model 0.00000947 g/day. The NOB values for the same parameter combination were
0.000221 g in the hybrid model and 0.00000146 g in the biofilm-only model. Note
that the values from the hybrid model are given as averages over α; see Eq. (20).
A different case with the combination of parameters D = 10,E = 100, c = 100 re-
sulted in nitrate production of 0.0335 g/day in the hybrid model, 0.000319 g/day
in the biofilm-only model, and an amount of NOB 0.00429 g in the hybrid and
0.0000419 g in the biofilm-only model. Thus, in absolute terms the data agree well.
These cases aside, the largest relative differences can be found in 7c, d, h for the
nitrite concentration and net production along with biofilm inert biomass.
The smallest differences can be found in Figs. 7a, f for ammonium removal and
biofilm AOB biomass with small circles for all combinations of parameters. These
two variables are connected to each other through the consumption of ammonium by
AOB, which constitutes the first and main reaction in two-step nitrification. As long
as oxygen is available, it is a straightforward reaction. Although suspended biomass
contributes to the ammonium removal, the contribution is not significantly different
than what is obtained by the biofilm in the biofilm-only model.
Only in some cases do the differences between the models change monotonically
with the parameters. For example, in Figs. 7e, h the differences in biofilm thickness
and inert biomass get smaller with increasing D due to washout of suspended biomass
and domination of biofilm in the hybrid model. However, generally such monotonic
correlations cannot be confirmed, cf. Figs. 7a, c, d, f, g.
It has been suggested by, e.g. Manz et al. (2005) that the detachment rate should
increase with increasing flow rate. Although this is not explicitly included in the stan-
dard biofilm detachment model that we use here, the diagonals in Figs. 7a–h corre-
spond to the case where the detachment rate increases with the flow rate. In Figs. 7e, h
we see how the differences between both models become smaller as D increases. For
all other cases, no monotonic relationship is observed; for most quantities of inter-
ests the differences between the models along this D − E diagonal are largest for
D = 5,E = 1000.
In summary, the influence and interplay of α, c,D,E with respect to the quantities
of interest is complex. It cannot be inferred a priori whether for a given parameter
set the biofilm-only model gives a good approximation of the more complex hybrid
model. However, it can be expected that some variables, e.g. nitrite concentration and
amount of NOB biomass (i.e. the variables primarily associated with the second step
of nitrification), are more likely to be affected by changes in the four parameters.
Other variables, like ammonium concentration and amount of AOB biomass (i.e. the
parameters primarily associated with the first step in nitrification), tend to be more
robust and not so strongly affected.
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4.6 How Well Is the Microbially Complex System Studied Here Described
Qualitatively by the Much Simpler Previously Studied Single-Species Model?
In Mašic´ and Eberl (2012), we investigated with analytical and computational tech-
niques a simple hybrid biofilm-suspended model for a single species, single substrate
system. While of course such a simpler model will never be able to describe a more
complex system, like the nitrification system, quantitatively, we can find certain qual-
itative similarities. In particular, the results concerning the primary process, ammo-
nium removal, and AOB resemble closely those found in the simpler model. The
same holds true for the effect of changes in the detachment rate. Furthermore, while
we are not able to provide rigorous proof in the case of the multi-species system, it
appears from the results in Appendix B that the stability and instability of the triv-
ial equilibrium (washout of biomass from the reactor) is qualitatively similar to the
results of the single species model. That said, simpler single species models that are
at least to some extent analytically tractable can also provide some useful insight in
microbially more complex systems and, therefore, should have their place in biofilm
modeling.
5 Conclusions
The nitrifying system that is the subject of this paper is generally considered a biofilm
system. Nevertheless, due to detachment of biomass from the biofilm surface, sus-
pended biomass is always present in the bulk liquid. In our study, we aimed to inves-
tigate and quantify the role of the suspended biomass in this predominantly biofilm
system. Intuitively, the relative contribution of suspended biomass to nutrient removal
is higher at low dilution rates in contrast to large dilution rates when biomass washout
is increased. On the other hand, a large dilution rate improves the biofilm performance
due to an increased nutrient load. Furthermore, in a completely mixed tank reactor the
suspended biomass experiences higher substrate concentrations than biomass located
in the inner layers of the biofilm, wherefore it can be expected to be more effective
in removal. Moreover, the amount of colonizable surface area affects biofilm devel-
opment and its contribution to nutrient removal. Taking these effects together, an a
priori prediction of the role of suspended biomass for overall reactor performance
and intermittent processes is difficult to make. To investigate this complex system in
detail, numerous simulation experiments were conducted. We reached the following
conclusions:
• Increased dilution rate increases the steady state values of all variables except ni-
trate effluent concentration and amount of suspended biomass. Increased coloniz-
able surface area increases the steady state values of all variables, except ammo-
nium effluent concentration, biofilm thickness and net production of nitrite, which
are decreased instead.
• The contribution of suspended biomass can be significant in the intermediate steps
in nitrification, for NOB and for inert biomass; not accounting explicitly for sus-
pended biomass leads to quantitatively different results. On the other hand, overall
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reactor performance in terms of ammonium removal and nitrate production is de-
scribed well by a simpler model that does not explicitly account for suspended
biomass, in which the role of suspended biomass is implicitly subsumed in the
activity of the biofilm. However, suspended biomass always contributes to ammo-
nium removal, at most for low dilution rates.
• With respect to the primary biomass group AOB and ammonium removal as the
primary process of interest, and their dependence on reactor operating conditions,
the qualitative behavior of the multi-species, multi-substrate nitrification model is
reasonably well described by the qualitative behavior of a mathematically simpler
single species, single substrate model, which is partially tractable with qualitative
analytical techniques. Quantitative predictions, however, require numerical simu-
lations of the essentially more complex multi-species system.
• Detachment has a large impact on the steady state values of the intermediate com-
pounds and processes in the hybrid model, particularly on NOB biomass in the
biofilm. Its impact on reactor performance, measured in terms of ammonium re-
moval, is less pronounced. Moreover, the attachment rate α only plays a minor role
in this respect.
• We compared a simpler biofilm-only model with the hybrid biofilm-suspended
model and found that the qualitative agreement between both models can vary
greatly for some parameter value combinations of dilution rates, colonizable sur-
face areas, erosion parameters and (re-)attachment rates. However, we were not
able to conclude simple qualitative correlations, such as monotonicity relation-
ships, due to the biological, mathematical and numerical complexity of the model.
• Overall, we conclude from our simulations that a detailed mathematical model
comprising biofilm and suspended biomass should be used if the details of the
microbial process are in the focus of the investigation. If only coarse information
regarding reactor behavior is required, such level of model complexity might not be
necessary, but a simpler biofilm-only model might suffice. The dependent variables
and quantities of interest primarily associated with the first step in nitrification are
found to be rather insensitive with respect to operating conditions and description
of the detachment process and also are well described by a simpler model that
neglects suspended biomass. The variables primarily associated with the second
step in nitrification, however, show much more sensitivity in this regard.
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Appendix A: Growth and Reaction Rates
The growth rates μA, μN , μI are calculated from Table 1 through
μi =
6∑
j=1
vij · Pj
fi · ρ , i ∈ Ib, (21)
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where
μA(S¯) = μA,max · SO2
KA,O2 + SO2
(
SNH4
KNH4 + SNH4 − (1 + η) · bA
)
, (22)
μN(S¯) = μN,max · SO2
KN,O2 + SO2
(
SNO2
KNO2 + SNO2 − (1 + η) · bN
)
, (23)
μI (S¯) = 1
fI
· (fXI + η)
(
fA · bA · SO2
KA,O2 + SO2 + fN · bN ·
SO2
KN,O2 + SO2
)
. (24)
Similarly, the reaction rates rO2, rNH4, rNO2, rNO3 are calculated through
rk =
6∑
j=1
vkj · Pj , k ∈ IS, (25)
where
rO2(fAρ,fNρ, S¯) = 3.43 − YA
YA
· μA,max · SO2
KA,O2 + SO2 ·
SNH4
KNH4 + SNH4 · fAρ
+ (1 − fXI ) · bA · SO2
KA,O2 + SO2 · fAρ
+ 1.14 − YN
YN
· μN,max · SO2
KN,O2 + SO2 ·
SNO2
KNO2 + SNO2 · fNρ
+ (1 − fXI ) · bN · SO2
KN,O2 + SO2 · fNρ, (26)
rNH4(fAρ,fNρ, S¯) =
(
1
YA
+ iA
)
· μA,max · SO2
KA,O2 + SO2 ·
SNH4
KNH4 + SNH4 · fAρ
− (iA − iI fXI ) · bA · SO2
KA,O2 + SO2 · fAρ
+ iA · μN,max · SO2
KN,O2 + SO2 ·
SNO2
KNO2 + SNO2 · fNρ
− (iA − iI fXI ) · bN · SO2
KN,O2 + SO2 · fNρ, (27)
rNO2(fAρ,fNρ, S¯) =
(
− 1
YA
)
· μA,max · SO2
KA,O2 + SO2 ·
SNH4
KNH4 + SNH4 · fAρ
+ 1
YN
· μN,max · SO2
KN,O2 + SO2 ·
SNO2
KNO2 + SNO2 · fNρ, (28)
rNO3(fNρ, S¯) =
(
− 1
YN
)
· μN,max · SO2
KN,O2 + SO2 ·
SNO2
KNO2 + SNO2 fNρ. (29)
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Note that the growth rates as well as the reaction rates throughout the paper use both
C¯(z) and S¯(t) as arguments. Furthermore, the reaction rates use fA(z, t)ρ, fN(z, t)ρ,
and uA(t), uN(t) as arguments.
Appendix B: Remarks on Equilibria
B.1 Washout Equilibrium
It can be verified that the trivial equilibrium with λ = uA = uN = uI = 0 and bulk
substrate concentrations attaining inflow concentrations always exists. To investigate
the stability of this equilibrium in dependence of model parameters with analytical
techniques turns out to be rather difficult because of the involved hybrid structure of
the mathematical model. For the simpler single-species model of a biofilm reactor
with suspended bacteria, it was found in Mašic´ and Eberl (2012) that two conditions
need to be satisfied for the trivial or washout equilibrium to be stable: (i) The dilution
rate needs to be larger than the growth rate of the suspended bacteria. This is the
standard criterion for washout in completely mixed continuous reactors. (ii) In order
to avoid also that a biofilm can establish itself, the bulk substrate concentration must
be small enough so that the diffusive flux of substrate into the biofilm is smaller than
the decay rate. Both conditions together lead to the observation that a high flow rate
alone is not sufficient to lead to washout of the microbiology from the reactor. This
also explains to some extent why bacterial biofilms are very difficult to eradicate and
to prevent in situations where they are unwanted.
In the absence of analytical results, numerical simulations are carried out to inves-
tigate whether the observations from the single species biofilm model carry over to
the essentially more involved multi-species model. The simulations start with initial
data that are small perturbations of the trivial equilibrium. In particular, we introduce
a small amount of biomass in the system, both suspended and sessile, namely
λ(0) = 1 µm, fA(0) = fN(0) = 0.5, fI (0) = 0,
uA(0) = uN(0) = 2 · 10−6 g, uI (0) = 0 g.
The simulation parameters are as in Tables 3 and 2. We set the dilution rate to
D = 5/day, larger than the maximum specific growth rate of both species. The col-
onizable surface area is set to A = Areactor, i.e. we consider a reactor without added
biofilm carriers. In our illustrative studies, we investigate the stability of the system
with respect to the inflow concentration of ammonium S0NH4, assuming that neither
nitrite nor nitrate are present in the influent, S0NO2 = S0NO3 = 0 g/m3. The bulk oxygen
concentration is kept at SO2 = 5 g/m3.
We increase the inflow concentration of ammonium, as the growth controlling
substrate, in small increments, starting from S0NH4 = 0. In all cases, the system
reaches steady state. In Fig. 8, we plot the amount of suspended biomass and the
biofilm thickness at steady state. We find that the trivial equilibrium is stable for
S0NH4 < 0.04 g/m
3
, i.e. no biomass can be established for very small substrate con-
centrations. When the inflow concentration of ammonium is further increased, the
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Fig. 8 Steady state values for varying the initial ammonium concentration S0NH4 for total amount of
suspended biomass [g] (solid, left y-axis) and biofilm thickness [m] (dashed, right y-axis) in the hybrid
model at D = 5/day and A = Areactor (Color figure online)
trivial equilibrium becomes unstable and both, biofilm and suspended populations
establish themselves. The observed critical value at which the trivial equilibrium be-
comes unstable is much smaller than the half-saturation coefficient for ammonium
KNH4 = 0.169 g/m3, which implies that severe substrate limitation is required for
stability of washout. Initially, the biofilm biomass increases faster than the suspended
biomass, but both are always present in accordance with Remark 2.2.
In conclusion, the stability of the trivial equilibrium depends on the parameters
and operating conditions. A biofilm cannot be established if the influent substrate
concentration is too small.
We compare these findings for the nitrification model with the mathematically
simpler single species single substrate model, for which the stability of the trivial
equilibrium could be investigated with analytical techniques. First, we point out the
qualitative similarity of Fig. 8 with Fig. 5 of Mašic´ and Eberl (2012). For a more
quantitative comparison of the dual species system with four substrates with the sin-
gle species, single substrate model, we recall that in Proposition 3.5 of Mašic´ and
Eberl (2012) a necessary and sufficient condition for the stability of the trivial equi-
librium was found. Derived from this in Corollary 3.6 were easier to use sufficient
conditions for stability and for instability. Each of these two sufficient conditions
consists of a pair of inequalities for the model parameters, one stemming from the
suspended biomass and one from the biofilm. In essence, it was found for the single
species, single substrate model that the trivial equilibrium is stable if growth of sus-
pended biomass is dominated by washout, decay and attachment, and if production
of new biomass in the biofilm is dominated by lysis. In particular, it was found that
the stability of the trivial equilibrium is independent of the detachment coefficient E,
in accordance with the findings of Abbas et al. (2012) for a biofilm reactor without
suspended biomass.
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The simple stability criterion of Mašic´ and Eberl (2012) cannot be directly ap-
plied to or derived with rigorous techniques for the multi-species, multi-substrate
case. Nevertheless, based on the biological interpretation of the stability criterion we
can suggest an easy to evaluate “approximate” ad hoc criterion for the multi-species
case, where we focus on the persistence of AOB as the main player in the system
in dependence of ammonium and oxygen, as its primary substrates that are required
for growth. Since the oxygen concentration in the aqueous phase is fixed, this ad hoc
criterion is cast as a condition on the bulk concentration of ammonium. An important
further adaptation is required due to the fact that in the simpler model of Mašic´ and
Eberl (2012) biomass decay was described as a simple lysis model, while in the cur-
rent nitrification model decay of active biomass is due to endogenous respiration and
inactivation. Incorporating this, we adapt from Mašic´ and Eberl (2012) the following
non-rigorous ad hoc criterion for instability of the trivial equilibrium by comparing
growth and loss of AOB:
μA,max
S0NH4
KNH4 + S0NH4
S0O2
KA,O2 + S0O2
> D + α + S
0
O2
KA,O2 + S0O2
bA(1 + η)
or
S0NH4
KNH4 + S0NH4
>
bA(1 + η)
μA
,
where the first inequality stems from the persistence of suspended biomass and the
second one from persistence of the biofilm. From this double inequality and the pa-
rameters in Tables 3 and 2, we can obtain the critical inflow concentration S0NH4 for
which stability of the trivial equilibrium is lost as S0NH4 ≈ 0.04, in very good quanti-
tative agreement with the more accurate simulation documented in Fig. 8. While this
finding is not a formal proof, it suggests strongly that (i) the fate of AOB is critically
determining the overall fate of the system, and (ii) that the qualitative behavior of
the multi-species, multi-substrate system can be well approximated by the qualitative
behavior of the simpler and mathematically easier accessible single species, single
substrate model.
B.2 Persistence Equilibrium
For the much simpler Freter model that describes persistence of a single species de-
pending on a single resource in a CSTR with wall attachment, it could be shown that
at least one asymptotically stable non-trivial equilibrium exists (Jones et al. 2003).
For the single species, single substrate biofilm model in Mašic´ and Eberl (2012)
it was not possible to handle this question analytically, due to the essentially more
complicated algebraic computations that would need to be performed. Nevertheless,
it was confirmed in numerous numerical simulations that the system attains a non-
trivial equilibrium if the trivial equilibrium is unstable. The current model is not only
algebraically, but also structurally much more involved than the single species model
and, therefore, we cannot expect to be able to investigate the question of existence
and stability of non-trivial equilibria in dependence of model parameters mathemat-
ically. For the present study, the results of which are documented in the subsequent
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sections, extensive numerical simulations of the model have been conducted. In these
simulations, the biological parameters were kept constant at values validated against
experimental data and the parameters describing operating conditions for the reactor
were varied. The model converged to an equilibrium in all cases.
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